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Ultralight bosonic fields in the mass range ∼ (10−20 − 10−11) eV can trigger a superradiant in-
stability that extracts energy and angular momentum from an astrophysical black hole with mass
M ∼ (5, 1010)M, forming a nonspherical, rotating condensate around it. So far, most studies
of the evolution and end-state of the instability have been limited to initial data containing only
the fastest growing superradiant mode. By studying the evolution of multimode data in a quasi-
adiabatic approximation, we show that the dynamics is much richer and depend strongly on the
energy of the seed, on the relative amplitude between modes, and on the gravitational coupling. If
the seed energy is a few percent of the black-hole mass, a black hole surrounded by a mixture of
superradiant and nonsuperradiant modes with comparable amplitudes might not undergo a super-
radiant unstable phase, depending on the value of the boson mass. If the seed energy is smaller, as
in the case of an instability triggered by quantum fluctuations, the effect of nonsuperradiant modes
is negligible. We discuss the implications of these findings for current constraints on ultralight fields
with electromagnetic and gravitational-wave observations.
I. INTRODUCTION
In classical general relativity, where gravity is min-
imally coupled to massive bosonic fields, Kerr black
holes (BHs) can be unstable against the superradiant
instability (for an overview, see [1]). This process was
discovered almost 50 years ago [2–5] but only recently
it has been subject to intense scrutiny, including rigor-
ous mathematical proofs [6, 7]. It was realized that this
instability effectively turns astrophysical BHs into detec-
tors of axion-like particles [8, 9] and of ultralight, beyond-
standard model bosons in general.
For a BH of mass M and an ultralight boson with mass
mB ≡ ~µ, the instability is efficient only when the grav-
itational coupling GMµc ∼ O(1), i.e. when the Compton
wavelength of the particle is comparable to the BH ra-
dius. Since astrophysical BHs are expected to exist at
least in the mass range ∼ (5, 1010)M, the superradi-
ant instability is effective for bosons approximately in
the mass range mB ∈ (10−20 − 10−11) eV, i.e. for ul-
tralight bosons. The latter are compelling dark-matter
candidates1 and are predicted in a multitude of beyond-
standard model scenarios [12–15].
The superradiant instability of a Kerr BH has been in-
vestigated perturbatively for scalar fields [16–19], includ-
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1 The collapse and collision of compact objects composed of these
dark matter candidates has been studied in Refs. [10, 11].
ing recent exploration of its phenomenological implica-
tions [20–25], more recently for vector and tensor fields in
a small-rotation expansion [26–31], and for vector fields
around BHs with arbitrary spin in an analytical New-
tonian approximation valid for small gravitational cou-
pling [32], and numerically for generic values of the BH
spin and gravitational coupling [33, 34], also using a novel
perturbation scheme [35, 36]. Recently, nonlinear simu-
lations2 of the Einstein equations minimally coupled to
complex single mode vector fields [40–42] have confirmed
the analysis of previous quasi-adiabatic and perturbative
evolution [43] (see also Ref. [44]). The latter is justi-
fied by the long instability time scale as compared to the
dynamical time scale of the BH.
Note that in the case of complex massive bosonic fields
or, equivalently, multiple real fields such that the re-
sulting energy-momentum tensor respects the symme-
try of the Kerr spacetime, there exist stationary spin-
ning BH solutions surrounded by an oscillating conden-
sate [45, 46]. These solutions interpolate between boson
stars and Kerr BHs and are formed during the evolution
of the superradiant instability of Kerr BHs against com-
plex bosons [40, 44]. These solutions are unstable against
higher-order azimuthal modes [47] and, at least in some
region of their parameter space [48], the instability time
scale is comparable to that of Kerr. We deal here with a
2 The superradiant instability affects also Kerr BHs in asymptot-
ically anti de Sitter spacetime; see Refs. [37–39] for nonlinear
simulations in this context.
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2single real bosonic field, so the only stationary BH config-
uration is the Kerr metric, as guaranteed by the no-hair
theorems [49, 50].
The general properties of this process do not depend
strongly on the nature of the bosonic field: the fundamen-
tal unstable mode has a frequency ωR ∼ µ (henceforth
we use G = c = 1 units) and must satisfy the superra-
diant condition, ωR < mΩH , where m is the azimuthal
number of the perturbation and ΩH is the BH angular
velocity. As a result of the instability, a single mode
with m > 0 and arbitrarily small amplitude grows ex-
ponentially near the BH, extracting energy and angular
momentum on a time scale τ ≡ 1/ωI M , and forming
a nonspherical, rotating condensate of characteristic size
rcloud M . Thus, if ultralight bosonic fields exist in na-
ture, they would produce two generic signatures [1, 8, 9]:
i) they would favor slowly-spinning BHs against highly-
spinning ones, since BHs would lose their angular mo-
mentum over a time scale τ which can be much shorter
than the typical BH accretion rate; and ii) they would
produce a continuous gravitational-wave (GW) signal at
a frequency set by the boson mass. The first signa-
ture translates into the existence of “gaps” in the BH
“Regge plane”, i.e., in its spin–mass plane [9, 26–28, 43],
whereas the second signature can be directly searched for
in LIGO/Virgo (and in the future LISA) data, both as
isolated resolvable sources [21, 22, 32, 51–53] or through
the GW stochastic background of a population of BH-
boson condensates [54].
Most phenomenological studies so far have focused on
the idealized case in which the BH is initially surrounded
by a single-mode superradiant seed (see Ref. [9], where
the generic setup for the evolution of multiple modes has
been laid down, although without discussing the phe-
nomenology). However, more realistic configurations are
likely to contain a superposition of modes, both super-
radiant (i.e., satisfying the ωR < mΩH condition) and
nonsuperradiant. This is particularly important if the
initial seed is due to quantum fluctuations, since in that
case modes with different values of m are expected to be
produced with comparable amplitude.
Full-fledged 3 + 1 numerical simulations including the
backreaction of massive scalar [55] or vector fields [56, 57]
onto the spacetime employed such multimode initial data
either through explicit superposition or mode mixing due
to the construction of metric initial data. These simula-
tions, furthermore, assumed the presence of an apprecia-
ble bosonic cloud, i.e. a condensate of a few percent of
the BH mass. Those are formed naturally via the super-
radiant evolution with small seeds [43]. External effects
such as a binary companion or the inspiral and merger of
two such BH-condensate systems will cause mode mixing.
The merger remnant would form in an environment con-
taining a single cloud with complex multipolar structure;
see e.g. [23] for work in this direction.
In those cases, the BH was shifted out of the superra-
diant regime by absorbing a counter-rotating mode with
sufficiently large amplitude. This essentially switches off
the superradiant instability, leaving a rotating BH sur-
rounded by a slowly decaying bosonic condensate. These
results indicate that the presence of multiple modes
might crucially change the dynamics of the system. How-
ever, it is unclear whether this conclusion would persist
for arbitrarily small initial seeds. Ideally, one wishes to
follow the nonlinear evolution of a small initial seed at
least for a few instability e-folding times, τ ∼ 106M
(resp. τ ∼ 104M), in the most favorable cases for scalars
(resp. vectors). These type of simulations are numerically
expensive and, hence, only a small number of cases with
time scales of ∼ O (103)M were analyzed. Instead, a
quasi-adiabatic treatment along the lines of Ref. [43] can
provide crucial new insight into the evolution of (multi-
mode) massive bosonic clouds surrounding BHs.
That is precisely the goal of this paper: study the im-
pact of multiple modes on the evolution of the superradi-
ant instability. As we shall show, the impact of an initial
mixture of nonsuperradiant and superradiant modes with
comparable amplitude depends strongly on the energy of
the initial seed and on the value of the gravitational cou-
pling Mµ. If this energy is initially much smaller than
the BH mass (as expected in the most natural scenarios)
the effect of multiple modes is negligible. On the other
hand, if the energy is at least a few percent of the BH
mass and Mµ ∼ O(0.1) the presence of nonsuperradiant
modes might affect the evolution and quench the instabil-
ity completely. As we shall discuss, this latter scenario is
more speculative and may comprise only a small fraction
of the BH-scalar condensates expected in the universe.
The rest of this paper is organized as follows. In Sec. II
we introduce our setup and different multimode mod-
els, and calculate their energy and momentum fluxes.
In Sec. III we present the quasi-adiabatic evolution of
our systems. We discuss their implications for current
electromagnetic and GW-based bounds on the mass of
axion-like particles in Sec. IV. We conclude in Sec. V.
II. SETUP
We focus on the action describing a real scalar field Ψ
with mass mB = µ~ minimally coupled to gravity,
S =
∫
d4x
√−g
(
R
16pi
− 1
2
∂µΨ∂
µΨ− µ
2
2
Ψ2
)
, (1)
where g is the determinant of the spacetime metric gµν ,
and R is the Ricci curvature scalar. Minimization of
this action yields the Klein-Gordon equation ∇µ∇µΨ =
µ2Ψ and Einstein’s equations coupled to the stress energy
tensor Tµν = ∂µΨ∂νΨ− 12gµν
(
∂αΨ∂
αΨ + µ2Ψ2
)
.
Our setup will be the same as that of Ref. [43]. In
particular, we study the quasi-adiabatic evolution of the
instability, i.e., neglecting the backreaction of the scalar
field and instead employing energy and angular momen-
tum balance argument. Although the total mass of the
condensate can reach a few percent of the black hole
3mass, the stress-energy tensor (e.g. the energy den-
sity) remains small and our approximation valid as shown
in [43]. Furthermore, the energy and angular momentum
extraction occurs over the instability time scale which is
much longer than the BH dynamical time scale; this jus-
tifies a quasi-adiabatic evolution [43, 44]. In this regime
the dynamics is governed by the scalar-field equation
on a fixed Kerr geometry, the mass and spin of which
evolve adiabatically through energy and angular momen-
tum fluxes.
The linearized dynamics of a Klein-Gordon field on
the Kerr background with mass M and spin J = aM =
χM2 is described by the Teukolsky equation for a spin-0
perturbation, whose general solution can be written as
Ψ(t, r, ϑ, ϕ) = <
[∫
dωe−iωt+imϕ0Slmω(ϑ)ψlmω(r)
]
,
(2)
where a sum over harmonic indices (l, m) is implicit,
and sYlmω(ϑ, ϕ) = sSlmω(ϑ)e
imϕ are the spin-weighted
spheroidal harmonics of spin weight s which, for s = 0,
reduce to the scalar spheroidal harmonics [58]. The ra-
dial and angular functions satisfy the following coupled
system of differential equations
Dϑ[0S]+
[
a2(ω2 − µ2) cos2 ϑ− m
2
sin2 ϑ
+ λ
]
0S = 0 ,
Dr[ψ]+
[
ω2(r2 + a2)2 − 4aMrmω + a2m2
−∆(µ2r2 + a2ω2 + λ)]ψ = 0 ,
where for simplicity we omit the (l, m) subscripts, r± =
M ± √M2 − a2 denotes the coordinate location of the
inner and outer horizons, ∆ = (r − r+)(r − r−), Dr =
∆∂r (∆∂r), and Dϑ = (sinϑ)−1∂ϑ (sinϑ∂ϑ).
A. Unstable modes
Imposing appropriate boundary conditions, namely
purely ingoing waves at the horizon and exponential de-
cay of the scalar field at infinity, a quasi-bound solu-
tion to the above coupled system can be obtained nu-
merically, e.g. using continued fractions [18, 59] or a
shooting method [60]. The eigenspectrum contains an
infinite, discrete set of complex quasi-bound modes [61],
ω = ωR + iωI . We will consider only fundamental modes
with overtone number n = 0, i.e. eigenfunctions with
zero nodes. In particular, this system admits unstable
(ωI > 0) quasi-bound states satisfying the superradiant
condition ωR < mΩH [18, 62], with ΩH = a/(2Mr+) be-
ing the angular velocity at the event horizon. For these
solutions the eigenfunctions are exponentially suppressed
at spatial infinity:
ψ(r) ∝ r
νe−
√
µ2−ω2r
r
as r →∞ , (3)
where ν = M(2ω2−µ2)/
√
µ2 − ω2. In the small-coupling
limit, Mµ 1, these solutions are well approximated by
a hydrogenic spectrum [18, 62] with angular dependence
governed by the spherical harmonics Ylm(θ, φ), angular
separation constant λ ' l(l + 1), and frequency
ω ∼µ− µ
2
(
Mµ
l + 1
)2
+ i
γlm
M
(mχ− 2µr+) (Mµ)4l+5 ,
(4)
where we introduced the dimensionless spin parameter
χ = a/M = J/M2 and the coefficient γlm is defined by
the following relation:
γlm =Cl
l∏
j=1
[
j2
(
1− χ2)+ (mχ− 2µr+)2] , (5)
with Cl =
24l+1(2l+1)!
(l+1)2l+4
[
l!
2l!(2l+1)!
]2
, C1 = 1/48 for the
dominant unstable l = 1 mode. From Eq. (4) it is clear
that these modes become unstable (ωI > 0) whenever
ωR < mΩH , with an instability time scale roughly given
by the e-folding time, τlm = 1/ωI , which strongly de-
pends on the gravitational coupling Mµ, dimensionless
spin χ, and quantum numbers (l,m).
The critical value of the spin that saturates the super-
radiance condition reads
χ >χcrit ≡ 4mMµ
m2 + 4µ2M2
. (6)
In particular, for positive frequencies and spin, m > 0
(i.e., a mode corotating with the BH) is a necessary but
not sufficient condition for the instability.
In the small-Mµ limit, the radial eigenfunctions
read [16, 43, 63]:
ψ (r;µ, χ,M) ∝ gl(r), (7)
where gl(r) can be written in terms of Laguerre polyno-
mials:
gl(r) =
(
2rMµ2
l + 1
)l
exp
(
−rMµ
2
l + 1
)
L2l+10
(
2rMµ2
l + 1
)
.
(8)
The eigenfunction peaks at
rcloud ∼ l (l + 1)
(Mµ)
2 M, (9)
and thus extends well beyond the horizon, where rotation
effects can be neglected.
B. Multiple modes
Using an ansatz of the form (2), we consider a generic
superposition of monochromatic modes as
Ψ =
∑
lm
Almgl(r) cos (mφ− ωRt)Plm(cos θ) , (10)
4where Plm are the Legendre polynomials. For concrete-
ness, we focus on the lowest-lying modes with the shortest
absorption or instability timescales beyond the l = m = 1
mode, and consider three different cases ((cf. Table I):
Ψ = Ψ11 +A1−1 g1(r) cos (φ+ ωRt) sin θ , (11)
Ψ = Ψ11 +A22 g2(r) cos (2φ− ωRt) sin2 θ , (12)
Ψ = Ψ11 +A21 g2(r) cos (φ− ωRt) cos θ sin θ , (13)
where Ψ11 = A11 g1(r) cos (φ− ωRt) sin θ. The first case
above (dubbed Model I) corresponds to the superposi-
tion of two modes with l = 1 and m = ±1, respectively.
The second one (dubbed Model II) corresponds to two
modes with l = m = 1, 2, whereas the third case (dubbed
Model III) corresponds to the superposition of two modes
with the same m = 1 but l = 1, 2, respectively. Note that
ωR ∼ µ for all modes when Mµ 1.
It is convenient to express the initial amplitudes Alm
in terms of the total mass of the condensate and the
relative amplitude between modes. By introducing the
scalar-condensate mass computed in the flat spacetime
approximation (justified in the Mµ 1 limit [43, 44]),
MS =
∫
−T 00 r2 sin θ dr dθ dφ , (14)
we obtain
A211 =
1
32pi (1 + λ21)
(
MS
M
)
(Mµ)
4
, (15)
A211 =
1
32pi (1 + 81λ22)
(
MS
M
)
(Mµ)
4
, (16)
A211 =
1
8pi (4 + 81λ23)
(
MS
M
)
(Mµ)
4
. (17)
for the three above cases, respectively, where we have
introduced the relative amplitudes
λ1 =
A1−1
A11
, λ2 =
A22
A11
, λ3 =
A21
A11
. (18)
Thus, each initial state is defined by MS and by one of
the λi’s, with λi → 0 being the single l = m = 1 mode
limit.
C. Energy and angular momentum fluxes
1. GW emission from the scalar condensate
The scalar condensate is a source of GWs. Even
though the cloud is nonrelativistic, the quadrupole ap-
TABLE I. Initial mode configuration considered in this work.
Model (l,m) Ψ
Mode-1 Mode-2
I (1, 1) (1,−1) Eq. (11)
II (1, 1) (2, 2) Eq. (12)
III (1, 1) (2, 1) Eq. (13)
proximation does not apply because the emission is inco-
herent [43, 63]. Indeed, a dipolar scalar condensate would
emit quadrupolar GWs at a frequency ω = 2ωR ∼ 2µ,
whose wavelength ∼ 1/ω is generally smaller than the
size of the source, rcloud. Thus, computing the GW emis-
sion requires a fully relativistic computation using the
Teukolsky formalism [43, 63]. This is performed in Ap-
pendix A, we report here the final result.
For Model I (l = 1, m = ±1), we get
E˙GW =
1
160
1 + λ41
(1 + λ21)
2
(
MS
M
)2
(Mµ)
14
, (19)
J˙GW =
1
160ωR
1− λ21
1 + λ21
(
MS
M
)2
(Mµ)
14
, (20)
for the GW energy and angular-momentum fluxes, re-
spectively. Clearly, if λ1 → 0, both expressions reduce
to those of the single-mode case with l = m = 1 [43].
In the opposite limit, λ1  1, the m = −1 mode dom-
inates. This corresponds to the same energy flux but,
from Eq. (20), the angular-momentum flux has the oppo-
site sign, as expected for a counter-rotating mode. Thus,
the angular momentum variation can be negative when
λ1 > 1, i.e. when the initial amplitude of the counter-
rotating mode is bigger than that of the corotating one.
For Model II (l = m = 1, 2), we get
E˙GW =
1
160 (1 + 81λ22)
2
(
MS
M
)2
(Mµ)
14
, (21)
J˙GW =
1
160ωR (1 + 81λ22)
2
(
MS
M
)2
(Mµ)
14
. (22)
In this case the angular momentum variation is always
positive because both modes corotate with the BH. When
λ2 → 0 we retrieve the l = m = 1 single-mode case,
whilst for λ2 → ∞ both expressions are suppressed to
leading order in Mµ 1.
Finally, for Model III (m = 1, l = 1, 2), we get
E˙GW =
1
10 (4 + 81λ23)
2
(
MS
M
)2
(Mµ)
14
, (23)
J˙GW =
1
10ωR (4 + 81λ23)
2
(
MS
M
)2
(Mµ)
14
. (24)
Again, as λ3 → 0 we obtain the single mode case, whereas
if λ3 → ∞ both expressions are suppressed to leading
order in Mµ  1. We always neglect the GW energy
flux at the horizon, which is typically subdominant [64].
2. Superradiant evolution of the scalar condensate
In the quasi-adiabatic approximation, we assume that
the energy and angular-momentum fluxes of the conden-
sate at the BH horizon (E˙S , J˙S) are entirely converted
5into the growth of the total scalar-cloud mass and angu-
lar momentum [43]
E˙S = M˙S , (25)
J˙S = L˙S , (26)
where LS is the z component of the angular momen-
tum of the cloud. The computation of M˙S and L˙S is
performed in Appendix B. The procedure can be sum-
marized as follows: (i) include an adiabatic time depen-
dence Alm → Almet/τlm in the expression for the eigen-
function Ψ; Eq. (10). Note, that this yields a time de-
pendence of the relative amplitudes λi; cf. Eq. (18) and
Eqs. (33)-(35) below; (ii) compute MS(t) and LS(t) and
their corresponding time derivative in the ωI  ωR limit;
(iii) average the final result over several orbital periods,
T = 2pi/ωR, of the scalar cloud. We report here the final
result.
For Model I (l = 1, m = ±1), we obtain〈
E˙S
〉
∼ 2MS ω11 + λ
2
1ω1−1
1 + λ21
(27)〈
J˙S
〉
∼ 2MS
µ
ω11 − λ21ω1−1
1 + λ21
. (28)
where 〈...〉 is the time average over several orbital periods
and we defined ωlm ≡ ωI for a given (l,m). As discussed
in detail below, a crucial point is that
〈
E˙S
〉
< 0 when
λ1 is sufficiently large, because ω1−1 < 0.
For Model II (l = m = 1, 2), we obtain〈
E˙S
〉
∼ 2MS ω11 + 81λ
2
2ω22
1 + 81λ22
(29)〈
J˙S
〉
∼ 2MS
µ
ω11 + 162λ
2
2ω22
1 + 81λ22
. (30)
Finally, for Model III (m = 1, l = 1, 2), we obtain〈
E˙S
〉
∼ 2MS 4ω11 + 81λ
2
3ω21
4 + 81λ23
(31)〈
J˙S
〉
∼ 1
µ
〈
E˙S
〉
. (32)
As a consistency check, we note that all above expressions
reduce to the expected limits when λi → 0 or λi →∞.
In the adiabatic approximation, the time dependence
of λi can be obtained from Eq. (18) and reads
λ1(t) = λ1(0)e
(ω1−1−ω11)t , (33)
λ2(t) = λ2(0)e
(ω22−ω11)t , (34)
λ3(t) = λ3(0)e
(ω21−ω11)t . (35)
III. QUASI-ADIABATIC EVOLUTION
We are now in the position to study the quasi-
adiabatic evolution of the BH-scalar condensate in the
presence of multiple modes. Using conservation of the
total energy and angular momentum, the evolution of
the system is described by [43]:
M˙ + M˙S = −E˙GW
J˙ + L˙S = −J˙GW
M˙ = −〈E˙S〉
J˙ = −〈J˙S〉
. (36)
We integrated this simple set of ODEs using Mathemat-
ica with its built-in NDSolve function. Using the first
relation of Eq. (36), we define the residuals of this proce-
dure as Residuals ≡ M˙+M˙S+E˙GW. We varied the work-
ing precision of the NDSolve function, which corresponds
to changing the resolution of the numerical scheme, and
verified that the residuals remain . O(10−17). At vari-
ance with Ref. [43], in Eqs. (36) we neglected mass and
angular momentum accretion by ordinary matter (e.g.,
from an accretion disk), since the latter play a marginal
role in the evolution of the system and are not crucial
for our purposes. Indeed, accretion simply introduces
an extra time scale in the problem, associated with the
Salpeter time, τaccretion ∼ σT /(4pimp) ∼ 4.5 × 107 yr,
where σT and mp are the Thompson cross section and the
proton mass, respectively. The BH mass and spin grow
through accretion approximately over this time scale.
Thus, a slowly-spinning BH that does not satisfy the su-
perradiant condition can be brought into a superradiant
phase through accretion [43]. Here, for simplicity we con-
sider only systems which at t = 0 satisfy the superradiant
condition; including accretion is a straightforward exten-
sion that should not affect our overall conclusion. Within
our framework, the evolution depends on the dimension-
less parameters M0µ ≡M(t = 0)µ, χ0 ≡ χ(t = 0), where
χ(t) ≡ J(t)/M(t)2 is the dimensionless BH spin param-
eter, and λi,0 ≡ λi(t = 0) (with i = 1, 2, 3 depending on
the model), as well as on the initial scalar cloud mass
MS0 ≡MS(t = 0). The initial angular momentum of the
cloud, LS0 ≡ LS(0) is determined in terms of MS0, λi,0
and χ0, as discussed in Appendix B.
For concreteness3, we choose to present the numerical
results in this section for a BH with mass M0 = 10
7M
and consider different cases (see also Table II):
• Case A: The scalar field has a mass mB =
10−18 eV, corresponding to an initial gravitational
coupling M0µ ∼ 0.075. The initial BH spin is ei-
ther χ0 = 0.8 or χ0 = 0.95. In both cases the BH is
initially in a superradiant state, ΩH > µ/m. The
3 The mass simply sets the scale of the problem and we could
have chosen units such that M = 1. It is straightforward to
consider different values of the BH mass by rescaling all dimen-
sionful quantities accordingly. For example, the evolution for
mB = 10
−18 eV and M = 107M is equivalent to the evolution
for mB = 10
−12 eV and M0 = 10M after rescaling the time
coordinate by a factor 10−6.
6initial seed has MS0 = 10
−9M0. This is representa-
tive for the case MS0  M0, which includes seeds
due to quantum fluctuations.
• Case B: This is same as Case A above but for
a seed with larger initial mass MS0 = 0.025M0,
which should model a seed of astrophysical origin,
since the energy of the perturbation is a sizeable
fraction of the initial BH mass. This case is ex-
pected when a scalar cloud is present in the en-
vironment in which the BH forms, or during the
coalescence of a binary BH each one endowed with
its own scalar cloud.
• Case C: This is same as Case B above but for
a scalar field with slightly larger mass, mB =
4 × 10−18 eV, corresponding to an initial gravita-
tional coupling M0µ ∼ 0.3. In this case we set the
initial spin to χ0 = 0.95 in order to satisfy the su-
perradiant condition initially.
Case A was chosen to agree with the case considered in
Ref. [43], whereas Case C is representative for the initial
data evolved numerically in Ref. [55]. Note that this
case is only marginally consistent with our small-coupling
approximation, Mµ 1. In all cases, the BH and boson-
field masses correspond to a range that will be accessible
by future LISA observations [32, 51, 52, 54].
A. Model I: l = 1 with m = ±1
1. Case A: small initial seed
A representative example of the evolution for Model I
in Case A is presented in Fig. 1. In this case the evolution
is insensitive to the presence of a nonsuperradiant unsta-
ble mode, even if the latter has initially a much larger
amplitude than the superradiant mode (e.g., λ1(0) = 10).
This is due to Eq. (33): since ω1−1 < 0 for a nonsuper-
radiant mode and ω11 > 0 for the superradiant one, the
relative amplitude λ1(t) decreases exponentially over a
time scale ∼ 1/(ω1−1 − ω11). The evolution is then only
affected by the superradiant mode and proceeds as in the
l = m = 1 single-mode case [43]. For the chosen param-
eters we find τ11 ∼ 7 × 106 yr which is consistent with
the exponential growth of the condensate at t > 107 yr
shown in Fig. 1. In this particular case, the condensate
extracts ≈ 4% of the initial BH mass. However, its en-
ergy density, and hence its backreaction, is negligible [43]
so that it dissipates on a longer time scale through GW
emission. An estimate for the latter time scale is
τGW ∼ M
max
S
E˙GW
∼ 6× 1013 yr , (37)
in agreement with the late-time behavior shown in Fig. 1.
2. Case B: large initial seed, small coupling
The impact of a nonsuperradiant mode is stronger
when the initial seed has a larger amplitude as illustrated
in Fig. 2. There, we show the evolution of Model I for
fixed λ1,0 = 1 and different initial scalar cloud masses
MS0, including Case A and Case B.
The case MS0 = 10
−9M0 corresponds to the case
λ1(0) = 1 shown in Fig. 1 whereas, as MS0 increases,
we observe further features. Parts of the scalar cloud are
initially absorbed by the BH, whose mass, in turn, grows
in time. This can be understood as follows. Neglecting
for the moment GW emission, system (36) reduces to

M˙ = −〈E˙S〉
J˙ = −〈J˙S〉
M˙S = 〈E˙S〉
L˙S = 〈J˙S〉
, (38)
and therefore, when 〈E˙S〉 < 0 and 〈J˙S〉 < 0, the mass and
angular momentum of the condensate decrease while the
BH mass and spin increase, respectively. From Eqs. (27)
and (28), this can never happen when λ1 = 0, because
in that case 〈E˙S〉, 〈J˙S〉 ∝ ω11 and the scalar fluxes are
positive in the superradiant phase (i.e., when ω11 > 0).
In this case the instability halts as the superradiant con-
dition is saturated (i.e., as ΩH → µ/m or, equivalently,
as ω11 → 0). However, the situation is different when
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FIG. 1. Evolution of the (a) scalar cloud mass (top panel)
and angular momentum (bottom panel), and (b) BH mass
(top panel) and spin (bottom panel) for Model I–Case A
(small initial seeds; cf. Table I) and different initial relative
amplitudes λ1,0 ≡ λ1(0). Note that the evolution is basically
insensitive to the presence of a nonsuperradiant mode, i.e. it
depend only mildly on the relative initial amplitude λ1,0.
7TABLE II. Configurations considered in the adiabatic evolution for Models I-III.
Case mB/eV M0/M µM0 J0/M2 MS0/M0
A 10−18 107 0.075 0.8, 0.95 10−9
B 10−18 107 0.075 0.8, 0.95 0.025
C 4× 10−18 107 0.299 0.95 0.025
λ1 6= 0. When λ1  1, Eqs. (27) and (28) reduce to〈
E˙S
〉
∼ 2MS
[
ω11 − (ω11 − ω1−1)λ21
]
+O(λ41) , (39)〈
J˙S
〉
∼ 2MS
µ
[
ω11 − (ω11 + ω1−1)λ21
]
+O(λ41) , (40)
and therefore the energy and angular-momentum fluxes
are smaller than in the single-mode case as long as ω11 >
|ω1−1|.
On the other hand, if λ1,0 is sufficiently large, it might
happen that ω11 + λ
2
1ω1−1 < 0 and, therefore, the scalar
energy flux is negative; see Eq. (27). Even when this hap-
pens, Eq. (33) shows that λ1(t) decreases exponentially.
As shown in Fig. 3 (solid black curve) when the initial
seed mass is negligible the scalar flux can be negative at
t = 0, but then it turns positive (on a time scale time
scale 1/|ω1−1 − ω11|) as λ1(t)→ 0. Therefore, the usual
superradiant evolution is not affected by the presence of
a nonsuperradiant mode as long as the initial seed mass
is small.
Larger scalar cloud masses, however, enhance the nega-
tive energy flux. This dependence is illustrated in Fig. 3,
where we show the energy flux (rescaled by MSµ) for
λ1,0 = 1 and different initial cloud masses. In particular,
clouds with intermediate values of MS0 such as Case B
(green dashed line in Figs. 2 and 3) may be partly ab-
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FIG. 2. Same as Fig. 1 for Model I, but for fixed λ1,0 = 1 and
different scalar seed amplitudes parametrized by MS0. This
includes Case A (black solid line) and Case B (green dashed
line).
sorbed, but despite a small increase in the BH mass and
decrease of the BH spin the energy flux becomes pos-
itive, i.e., the system reaches the superradiant regime.
This picture changes dramatically for larger cloud masses
MS0; see, e.g., blue dotted line in Figs. 2 and 3. In such
case, the negative scalar flux is significantly enhanced, a
sizeable fraction of the scalar cloud – including its coun-
terrotating modes – is absorbed by the BH and the super-
radiant phase can be highly suppressed or entirely absent.
The details of the evolution sensitively depend on both
the initial relative amplitude λ1,0 and scalar cloud mass
MS0.
Meanwhile, the angular momentum of the scalar cloud
grows because 〈L˙S〉 remains positive (see Eq. (28)). As
a result, the BH angular momentum decreases irrespec-
tive of being in the superradiant phase. Interestingly,
the final BH spin seems to be similar to the single-mode
case. However, a careful investigation of the spin evolu-
tion presented in Fig. 5 shows that this is a coincidence.
For large enough λ1,0 the final spin depends crucially on
the initial parameters.
3. Case C: large initial seed, large coupling
When the gravitational couplingMµ and spin increase,
the impact of the seed mass becomes even more relevant.
As shown in Fig. 4, the presence of a counterrotating
mode with m = −1 reduces the superradiant energy ex-
���=��-� �����=���� �����=����� �����=���� �����=��� ��
104 106 108 1010
-2.×10-11
-1.×10-11
0
1.×10-11
t [yr]
<E S>/
M
Sμ
FIG. 3. Evolution of the scalar energy flux (27), rescaled by
MSµ, for λ1,0 = 1 and different inital scalar cloud masses.
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FIG. 4. Same as Fig. 1 but for Model I – Case C (cf. Table II), i.e. M0µ = 0.3, χ0 = 0.95, MS0 = 0.025 and different λ1,0.
The case λ1,0 = 1 (green dased line) has the same initial parameters as the fully nonlinear simulation of [55] indicated by “NR”
(blue dotted line). While the BH’s early response is different, we recover the same final state. Note that in the case of large
relative amplitude, λ1,0 = 10 (yellow dashed lines), the scalar cloud is completely absorbed on short timescales.
traction. For sufficiently large values of λ1,0 – in the
present case λ1,0 ≥ 1 – the scalar cloud never grows,
since the BH absorbs it before superradiance could kick
in. At the same time, the BH angular momentum de-
creases because the absorbed energy is mostly contained
in a counter-rotating mode. Comparing to the critical
value χcrit ∼ 0.882 (see Eq. (6)), we observe that the sys-
tem can be driven out of the superradiant regime early
in the evolution and therefore does not undergo a super-
radiant phase.
This behaviour agrees with the expectation raised by
fully nonlinear simulations [55]. We show their setup
KGl m30 a3 (cf. Table III of [55]) as blue line in Fig. 4.
While the immediate response differs due to nonlinear
(backreaction) effects, we find excellent agreement within
. 0.5% in the BH mass and spin with the adiabatic evo-
lution at late times.
In these cases the final BH spin is not only driven by
superradiance but also the absorption of counterrotat-
ing (m = −1) modes. Hence, it depends on the initial
parameters as illustrated in Fig. 5. Here we show the
final dimensionless BH spin (relative to its initial value)
as a function of λ1,0 for different initial cloud masses
MS0, for Cases A and B (Fig. 5a) and Case C (Fig. 5b).
Small perturbations (red solid lines) always yield the su-
perradiant evolution, i.e., BHs whose final spin is smaller
than its initial one due to the superradiant instability in-
dependently of the presence of a counterrotating mode.
The dependence is more complex for large initial scalar
clouds: in an intermediate regime, around λ1,0 . 1 ac-
cretion of counterrotating (i.e.,nonsuperradiant) modes
and superradiant scattering compete, potentially leading
to a larger final spin. Instead, if the initial condensate is
dominated by the m = −1 mode, the evolution is domi-
nated by accretion of the counterrotating component and
can yield considerably smaller final spins.
Summary: To summarize, our quasi-adiabatic evolution
for Model I reveals that the BH superradiant instability
proceeds as in the case of a single superradiant mode
whenever the seed’s energy is negligible (as in the case
9���=��-� �����=����� �����=���� �����=��� ��
10-3 10-1 101 103-0.4
-0.2
0.0
0.2
0.4
λ1,0
χ f/χ i
(a) χ0 = 0.8,M0µ = 0.075
���=��-� �����=����� �����=���� �����=��� ��
10-3 10-1 101 1030.5
0.6
0.7
0.8
0.9
1.0
λ1,0
χ f/χ i
(b) χ0 = 0.95,M0µ = 0.3
FIG. 5. Ratio between final and initial dimensionless BH spin as function of the initial relative amplitude λ1,0 of Model I
and for different initial scalar cloud masses MS0. Fig. (a) corresponds to Case A and B, i.e., has initial parameters (χ0 =
0.8,M0µ = 0.075). Fig. (b) corresponds to Case C, i.e., has (χ0 = 0.95,M0µ = 0.3).
of quantum fluctuations), whereas the dynamics and the
final BH spin are strongly affected by the addition of a
nonsuperradiant mode if the latter has a large amplitude
relative to the superradiant one and if the initial scalar
cloud has a nonnegligible energy. In some extreme cases,
the absorption of the counter-rotating superradiant mode
is sufficient to reduce the BH angular momentum past
the superradiant condition, so that the instability is com-
pletely quenched.
B. Model II: l = m = 2 and l = m = 1
The phenomenology of Model II is different from that
of Model I. In particular, both modes can trigger the
superradiant instability, albeit on vastly different time
scales since τ ∼ (Mµ)4l+5 depends strongly on l.
We first focus on Case A, i.e. small initial fluctuations,
whose evolution is presented in Fig. 6 for different rela-
tive amplitudes λ2,0. We observe two unstable phases:
the first one occurring on a time scale 1/ω11 and the
other occurring on longer scales 1/ω22. Because of this
separation in time scales, the evolution starts with the
first superradiant phase in which the scalar cloud grows
and the BH spins down. Then, the cloud is dissipated
through GW emission. Finally, the l = m = 2 mode be-
comes unstable and the scalar cloud grows again, with the
BH spin further decreasing since the superradiant thresh-
old µ ≈ mΩ implies a smaller final spin; cf. Eq. (6).
Looking at Fig. 6 it is easy to notice that, regardless of
the value of λ2,0 6= 0, the end-state of the system remains
unchanged, i.e. the values of the final BH spin and mass
are an attractor of the dynamics. In order to better un-
derstand this effect, we study the time evolution of λ2(t),
which is shown in Fig. 7. After a first depletion occurring
at t ∼ τ11 due to the superradiant instability induced by
the l = m = 1 mode, λ2 undergoes an exponential diver-
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FIG. 6. Same as Fig. 1 but for Model II (cf. Table I) and
Case A (small initial seed), for different values of λ2(0). We
observe a first superradiant growth of the scalar cloud (and
extraction of BH mass and angular momentum) induced by
the dipole mode, followed by dissipation of the cloud due to
GW emission. If the quadrupole mode is present we observe a
second superradiant phase independent of the initial relative
amplitude λ2,0 6= 0.
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FIG. 7. Evolution of the relative amplitude λ2(t) for Model II
and different initial values λ2,0. Note that λ2 diverges at late
times in all cases, corresponding to the second superradiant
phase of the l = m = 2 mode.
gence at t ∼ τ22. This can be seen from the definition
of λ2(t), Eq. (34): At t ∼ τ11 the system reaches the su-
perradiant threshold of the l = m = 1 mode, for which
ω11 = 0. Afterwards, at t ∼ τ22, the secondary mode
l = m = 2 kicks in and takes the system to the superra-
diant threshold for the m = 2 mode, which is saturated
when ω22 = 0. In this situation, however, ω11 becomes
negative and λ2(t) diverges.
Note that the time scale associated with GW dissi-
pation is much longer for l = m = 2 [63], which ex-
plains the long time before the condensate disappears
(not shown in Fig. 6). For the system under considera-
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FIG. 8. Same as Fig. 4 but for Model II (cf. Table I), i.e., we
fixed λ2,0 = 1 and varied the initial scalar cloud mass MS0.
This includes Case A (black solid line) and Case B (green
dashed line).
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FIG. 9. Evolution of the scalar energy flux, rescaled by
the scalar cloud mass (and mass parameter), for Model II.
The first peak corresponds to the m = 1 superradiant phase.
During the following dissipation of the cloud the m = 1 mode
decays with ω11 < 0 still dominating over the secondary mode.
This manifests itself in a negative energy flux as shown in the
inset. Only when the secondary mode has grown sufficiently
the m = 2 superradiant phase kicks in, as indicated by the
second (positive) peak in the inset.
tion, these long time scales force us to consider an evolu-
tion that lasts much longer than the age of the universe,
see Fig. 6. However, if we would consider a stellar-mass
BH with M(0) = 10M the time scales would be 106
times smaller, since all dimensionful quantities scale with
the initial BH mass. Then also the secondary superra-
diant phase might occur within the age of the universe.
Model II–Case A is therefore a straightforward interpo-
lation between the case of a single mode with l = m = 1
and that of a single mode with l = m = 2.
We now focus our attention to the influence of a larger
initial scalar cloud. Its evolution is illustrated in Fig. 8 for
various MS0 and equal initial amplitude of the l = m = 1
and l = m = 2 modes, i.e., λ2,0 = 1.
As before, we observe the growth of the scalar cloud at
the expense of the BH mass and angular momentum on
timescales 1/ω11, i.e., due to the l = m = 1 instability.
In contrast to Model I, this process is essentially inde-
pendent of the cloud’s initial mass since the influence
of the secondary mode kicks in on significantly longer
time scales 1/ω22. Once the m = 1 superradiant thresh-
old is reached, the scalar condensate dissipates via GW
emission. Towards the end of this process, after about
t ∼ 1012yr in our setup, the BH mass increases; see
Fig. 8b. This indicates that the scalar cloud is accreted
onto the BH.
To better understand this process, let us inspect the
energy flux ∼ ω11 + 81λ22ω22; see Eq. (29) and Fig. 9.
Let us also recall the difference in time scales ω11 ∼
(Mµ)−9  ω22 ∼ (Mµ)−13. That is, during the early
11
evolution ω11 > 0 dominates, thus triggering the m = 1
superradiant instability where the scalar flux is positive
and peaks around τ ∼ 106yr as shown in Fig. 9. The
scalar’s growth stops as the superradiant threshold is
reached where ω11 = 0, and the clouds starts dissipat-
ing. Now, although the secondary mode is still growing
at a rate ∼ 1/ω22 (recall that ω22 > 0 is positive), the
primary mode starts decaying with a rate ω11 < 0. The
latter can dominate and lead to a negative scalar energy
flux as shown in the inset of Fig. 9. This is consistent
with the observation of increasing BH mass in Fig. 8b.
In the meantime the relative amplitude between the
two modes, λ2(t) ∼ exp[(ω22 − ω11)t], is growing expo-
nentially, see Eq. (34). So, eventually the second term
in Eq. (29), which is positive, will cancel and then dom-
inate over the m = 1 contribution. At this point the
scalar energy flux is positive, see inset of Fig. 9, and
the BH-scalar cloud configuration undergoes its second
(i.e. m = 2) superradiant phase. It sets in after about
τ ∼ 1013 − 1015yr, with the specific onset depending on
the scalar clous mass; see Fig. 8a. As expected, the scalar
cloud grows by dipping into the BH mass and angular mo-
mentum that further decreases the final BH spin. Even-
tually the scalar cloud will dissipate via GW emission on
time scales much longer than shown in Fig. 8.
C. Model III: l = 1, 2 with m = 1
Model III is qualitatively similar to Model II. In par-
ticular, this model interpolates between the single-mode
case with l = m = 1 (when λ3 ≈ 0) and the single-mode
case with l = 2, m = 1 (when λ3 → ∞). Also in this
case the transition occurs for large values of λ3, because
|ω21|  |ω11|. The only qualitative difference is related
to the critical value of the spin, which is the same in
both regimes, since the modes have the same azimuthal
number m and Eq. (6) does not depend on l.
IV. IMPLICATIONS
Due to BH no-hair theorems for real bosonic fields [49,
50], the end-state of the evolution must be a Kerr BH, the
condensate being eventually dissipated in GWs. How-
ever, an interesting question concerns the final value of
the BH spin in the new stationary configuration and,
more generically, the phase-space (Regge-plane) of the
final BH.
Another relevant question concerns the viability of our
Cases B and C, where the energy of the initial seed is
a sizeable fraction (roughly 2%) of the BH mass. This
scenario could occur if the BH is formed in a scalar-rich
environment, for example if it is formed out of the merger
of two previously scalarized BHs. The time scale for GW
dissipation of the condensate strongly depends on the
coupling [51, 52, 54]. For the fundamental l = m = 1
mode,
τGW ∼ 1010
(
0.5
χ
)(
M
106M
)(
0.1
Mµ
)15
yr . (41)
Thus, depending on the mass and spin of the BH and on
the mass of the bosonic field, τGW can easily exceed the
age of the universe, in agreement with Eq. (37) above.
In that case the condensate will not have enough time
to dissipate during the coalescence, and the merger rem-
nant will form in an environment where the energy of the
scalar field is not negligible.
Although this scenario might be relevant only for a
fraction of sources, the majority of supermassive BHs
are believed to form via hierarchical mergers. Thus,
they constitute a sizeable fraction of the GW signal from
bosonic condensates which may potentially be detected
by LISA [52, 54]. We leave a more quantitative analysis
of possible formation scenarios and event rates for future
work.
A. Spin evolution
Single mode: For reference, let us recall the final spin
resulting from the evolution of the single, l = m = 1
mode. Focusing on the initial parameters used in our
previous sections, the final spin is χ(t→∞) ≈ 0.28 and
χ(t→∞) ≈ 0.86 for Case A and Case C, respectively.
Model I: The presence of a counter-rotating mode can
significantly change the value of the final spin, and de-
tails depend on the initial parameters. To better under-
stand those dependencies we present the ratio between
the final and initial spin as function of the initial relative
amplitude in Fig. 5. They are shown for different (initial)
scalar cloud masses and fixing (χ0 = 0.8, M0µ = 0.075),
i.e., Model I–Case A and B (see Fig. 5a) or (χ0 = 0.95,
M0µ = 0.3), i.e., Model I–Case C (see Fig. 5b).
If we consider only small fluctuations this ratio remains
constant, i.e., is insensitive to the presence of a counter-
rotating mode and yields the same final spins as in the
single (l = m = 1) mode case reviewed above.
Similarly, the final BH spin appears independent of
the initial scalar cloud mass MS0 as long as the rela-
tive amplitude between counter- and co-rotating modes
is sufficiently small, namely λ1,0 . 0.1.
However, if the initial scalar cloud contains comparable
excitations of the m = ±1 modes, i.e. if λ1,0 ∼ O(1), and
its mass is a few % of the BH’s initial mass, the depen-
dency of the final spin is more complex. Now, the angular
momentum flux (28) is determined by both the superra-
diant m = +1 mode and the counter-rotating m = −1
mode. Since ω11 > 0 and ω1−1 < 0, both modes will
increase the flux and, hence, reduce the final BH spin,
although the latter may be slightly larger than in the sin-
gle l = m = 1 mode case, depending on the parameters
(see Fig. 5).
As we further increase λ1,0 & 10 the ratio between
the final and initial BH spin approaches a constant value
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(i.e., independent of λ1,0) that can, in fact, be smaller
than the l = m = 1 case but depends strongly on the the
initial scalar cloud mass MS0. Note, that the spin can
actually flip sign due to absorption of counter-rotating
modes as shown in Fig. 5a.
Model II: Due to the presence of a secondary superradi-
ant mode, the extraction of the BH spin proceeds in two
stages: the first one is caused by the dipole mode and
yields the same final BH spin as the single (l = m = 1)
mode case discussed above. After t ∼ 1/ω22 the system
undergoes the l = m = 2 superradiant phase that yield
further extraction of the BH spin. As indicated in Figs. 6
and 8, its final value appears independent of the initial
relative amplitude λ2,0 or scalar cloud mass MS0. This is
because λ2(t) will have acquired the same value (indepen-
dent of its initial one) by the time the l = m = 2 mode be-
comes active; see Fig. 7. For example, in the case studied
here (with χ0 = 0.8), the final spin is χ(t→∞) ∼ 0.14.
B. Regge planes
Let us now focus on the mass-spin phase-space of the
final BH encapsulated in its Regge-plot. To identify it we
performed a set of quasi-adiabatic evolutions whose re-
sults are shown in Figs. 10, 11 and 12 for Models I and II,
respectively. In particular, we consideredmB = 10
−18 eV
and 1000 configurations starting at t = 0 with a ran-
dom distribution of the initial BH spin in the range χ0 ∈
(0, 0.998) and masses in the range log10M0 ∈ (6, 7.5), so
that the gravitational coupling M0µ ∈ (0.0075, 0.24).
For comparison, we show the λi,0 = 0 case in the top-
left panel of each plot in Figs. 10– 12. Then, the final
BH configuration avoids a specific region of the Regge
plane, customarily dubbed Regge “gap” [9]. For a single
(l,m) mode, the shape of this gap is approximately given
by [43]
J
M2
&χcrit ∪ M &Mc . (42)
where the critical spin χcrit is given in Eq. (6), Mc is the
value of M that minimizes the spin when τlm = tF . An
approximate formula is Mc =
(
l+1
Clµ4l+6tF
) 1
4l+5
[43].
Model I: We first focus on Model I whose Regge planes
are shown in Fig. 10 for initial scalar cloud masses
MS0 = 10
−9, 0.025, 0.05M0 and different relative ampli-
tudes λ1,0. For each initial configuration, we followed the
evolution of the system up to t = tF = 10
8 yr τ11.
The evolution of a system containing only small scalar
fluctuations MS0 = 10
−9M0, depicted in Fig. 10a, is
largely independent of the presence of a counter-rotating
mode. In particular, it exhibits the same exclusion re-
gions in the Regge plane as those induced by the l =
m = 1 superradiant evolution [43].
If, instead, the scalar cloud already stores a signifi-
cant fraction of the BH’s mass – of the order of a few
percent – the spin–mass phase-space of the final BH ex-
hibits more structure; see Figs. 10b and 10c. We identify
three main features: (i) we still find gaps in the Regge
plane consistent with those of the standard superradi-
ant evolution. However, their onset occurs for smaller
masses as the scalar cloud mass increases, even in the
single-mode case. This can be explained considering that
a bigger initial value of the scalar cloud mass implies a
larger energy flux rate via Eq. (27) and, consequently, a
shorter instability time scale. Furthermore, if λ1,0 & 10,
we start populating the low-mass end of the Regge gap.
This is not surprising as the absorption of (counter-ro-
tating) modes decreases the BH spin while increasing its
mass; see e.g. Fig. 2; (ii) we find additional gaps in the
Regge plane, just below the superradiant threshold, if
the scalar cloud is dominated by the m = +1 mode; see
top panels of Figs. 10b and 10c. BHs that are below the
threshold will absorb part of the predominantly co-rotat-
ing cloud whose mass is O(1)% of the BH mass. Hence
their mass and spin will increase towards the superradi-
ant threshold. Should they supercede it the superradiant
instability will become active and drive the system to-
wards the threshold from above. That is to say, that the
superradiant threshold appears to be an attractor if the
initial scalar cloud mass is sufficiently large and domi-
nated by potentially superradiant (i.e. m = +1) modes;
(iii) if the initially large scalar cloud is instead dominated
by counter-rotating modes, i.e. λ1,0 & 10, as shown in
the right-bottom panels of Figs. 10b and 10c, these ad-
ditional holes disappear. Instead we find BHs with a
negative final spin relative to its initial one. This can be
understood as follows: BHs that have almost vanishing
initial spin will absorb the counter-rotating modes that
further decrease the BHs’ spin. Interestingly, one could
now view the system containing a BH with negative spin
and cloud with m = −1 modes as co-rotating (but in
the opposite direction as before), i.e., the situation is the
same as that of a BH with positive spin surrounded by
a m = +1 cloud. This, again, should suffer from the
superradiant instability if the BH is spun up sufficiently.
Indeed, the bottom-right panel of Fig. 10c seems to ex-
hibit such a new attractor line.
Model II: The Regge planes for Model II are shown in
Figs. 11 and 12 for an evolution time of tF = 10
8 yr τ11
and tF = 10
15 yr  τ22, respectively. Although the lat-
ter time scale is larger than the age of the universe it
allows us to explore features in the Regge plane due to
both the l = m = 1 and l = m = 2 instability for the
supermassive BHs under consideration. Note, further-
more, that this time scales with the BH mass. So for a
much lighter, stellar-mass BH of O(10)M (and scalar
of mB ∼ 10−12eV) we would observe features of Fig. 12
after tF ∼ 109yr.
The Regge plots of Fig. 11 only exhibit the l = m = 1
Regge gap since we evolved the systems for times that
are significantly shorter than the l = m = 2 instability
timescale. If the scalar starts off as only a small fluctu-
ation, i.e. Case A, the Regge gaps are identical to those
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FIG. 10. BH Regge plane [9] obtained from the (adiabatic) evolution of Model I, i.e., a scalar field with mass mB = 10
−18 eV
and containing both co- and counterrotating, l = 1,m = ±1, modes. We considered scalar cloud masses of (a) MS0 = 10−9M0,
(b) MS0 = 0.025M0, and (c) MS0 = 0.05M0, and different initial relative amplitudes λ1,0. At t = 0, we draw the initial BH
mass and spin from a random distribution and then follow the evolution up to t = 108 yr. Each point represents the final BH
mass and spin. The shaded area is the Regge gap [9] of the single, l = m = 1 superradiant instability, i.e., λ1,0 = 0 as computed
in Ref. [43].
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FIG. 11. Same as Fig. 10 but for Model II and (a) Case A and (b) Case B. We evolved the systems for tF = 10
8yr and
different values of the initial relative amplitude λ2,0. The grey shaded areas denote the Regge gap due to a single, l = m = 1
mode.
of the single, l = m = 1 mode. That is, they are inde-
pendent of the presence of a secondary mode as shown
in Fig. 11a. The Regge gap itself is consistent with the
estimate (42).
In Fig. 11b we consider a larger cloud with MS0 =
0.025M0. As we already saw in Model I, the onset of
the superradiant instability is shifted towards smaller BH
masses as we increase the scalar cloud mass. In particu-
lar, the threshold Mc is a complicate function of the pa-
rameters and differs from the expression below Eq. (42).
As before, we find an additional gap below the superra-
diant threshold for sufficiently massive scalar clouds; see
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15yr and
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top left panel of Fig. 11b.
Let us now turn our attention to the long-time evo-
lution depicted in Fig. 12 where we capture both the
l = m = 1 and l = m = 2 phases. For small initial seeds,
depicted in Fig. 12a, we observe the appearance of two
Regge gaps consistent, respectively, with the l = m = 1
and l = m = 2 superradiant evolution. The details are
independent of the (initial) relative amplitude λ2,0 and
appear as soon as the secondary mode is switched on.
The Regge plane becomes more complex as we increase
the scalar cloud’s mass to a few percent of the BH mass;
see Fig. 12b. In particular, we see the formation of a sec-
ond gap below the superradiant threshold for l = m = 1
if λ2,0 = 0 and below the l = m = 2 threshold as soon
as λ2,0 6= 0. Again, this can be understood as BHs
that start outside the superradiant regime, but absorb
mass (and angular momentum) from the scalar cloud un-
til they reach the threshold. Finally, the critical mass
parametrizing the onset of the superradiant instability
decreases, now for the l = m = 2 case.
To summarize, even if a scalar condensate surround-
ing a BH contains counterrotating or higher multipole
modes, in all cases studied here the holes in the Regge
plane persist and yield a larger and more complex exclu-
sion region.
V. DISCUSSION
We have investigated the evolution of the BH super-
radiant instability against ultralight scalar fields with
an initial configuration described by a superposition of
modes. We focused on the case Mµ  1 which allows
for a Newtonian description of the condensate and for a
quasi-adiabatic approximation due to the separation of
scales between the instability time scale and the dynam-
ical time scale of the BH.
Our analysis shows that the evolution of the superradi-
ant instability in the presence of an initial superposition
of modes is very rich and diverse. The evolution of the
system depends strongly on the energy of the scalar seed
and on the gravitational coupling Mµ. If the seed energy
is a few percent of the BH mass, a BH surrounded by a
mixture of superradiant and nonsuperradiant modes with
comparable amplitudes might not even undergo a super-
radiant unstable phase, depending on the value of the
boson mass.
Our analysis adds to the numerical results of Refs. [55,
57], where the authors explore the interplay between a
highly spinning BH and massive scalars or vectors com-
posed of multimode data and with Mµ ∼ O(0.5). In-
deed, our simple adiabatic approximation in the small-
Mµ limit is in remarkably good agreement with the evo-
lution presented in Ref. [55]. On the other hand, if the
seed energy is much smaller than a few percent of the BH
mass – as in the most natural and likely scenario in which
the instability is triggered by quantum fluctuations – the
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effect of nonsuperradiant modes is negligible.
This implies that the only case in which the evolu-
tion of the superradiant instability is affected by multi-
ple modes is when the BH is initially surrounded by a
nonnegligible scalar environment, or if it is formed out
of the coalescence of two BHs merging with their own
scalar clouds. This latter scenario might be relevant only
for a fraction of sources, in particular for massive BHs
formed out of the merger of two BHs surrounded by their
own condensates. In certain cases the time scale for GW
dissipation of the condensate can exceed the age of the
universe so a BH might form in a scalar-rich environ-
ment. This might be relevant for searches of ultralight
fields with LISA [52, 54], since supermassive BHs are ex-
pected to form hierarchically. In these cases the initial
configuration of ultralight fields around BHs is generi-
cally a superposition of (superradiant and nonsuperradi-
ant) modes, and the initial mass of the scalar configu-
ration might be large enough to suppress the instability.
We leave a more detailed analysis of such a binary and
event rate estimates for future work.
Likewise, the BH Regge plane is also affected by
the presence of nonsuperradiant modes when the initial
scalar mass is a sizeable fraction of the BH mass. The
pattern of the Regge holes is more involved and addi-
tional forbidden regions can appear, depending on the
parameters. Interestingly, the region forbidden in the
single-mode case is also forbidden in the presence of non-
superradiant modes, i.e. the original Regge holes are not
populated even when the superradiant instability is ab-
sent. This is due the absorption of large counter-rotating
modes which decrease the BH spin.
Our analysis can be extended in several directions. We
have neglected mode mixing and possible transfer of en-
ergy between modes (e.g., turbulence) which might signif-
icantly change the overall picture. We have also neglected
scalar self-interactions which – if sufficiently strong – are
known to quench the instability and give rise to interest-
ing nonlinear effects such as “bosenovas” [63, 65]. Like-
wise, we have neglected axion-like couplings to the elec-
tromagnetic field, which might also quench the instabil-
ity through a different channel [24, 25]. We have also
neglected accretion of ordinary matter; in light of the
analysis of Ref. [43], we expect that including accretion
should be a straightforward extension that would not give
a substantial contribution to the understanding of the
problem. Furthermore, although we focused on scalar
fields, it is likely that the qualitative features of the evo-
lution will be the same also for massive vector (Proca)
and massive tensor fields, as indicated by nonlinear sim-
ulations that will appear soon [57].
Finally, a natural extension of our work is to inves-
tigate whether the presence of multiple modes can also
suppress the ergoregion instability of BH mimickers [66–
70], since the latter shares [1] many features with the
superradiant instability discussed here.
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Appendix A: GW emission from the scalar
condensate
Owing to the separation of scales between the size of
the cloud and the BH size for Mµ 1, the GW emission
can be approximately analyzed taking the source to lie in
a flat 4 background [71]. Because the source is incoherent
1/ω  rcloud, the quadrupolar approximation fails. In
the fully relativistic regime, the gravitational radiation
4 We note that the flat-spacetime approximation yields a different
prefactor for the GW fluxes emitted from the cloud relative to
the case in which the background spacetime is described by a
Schwarzschild metric [28, 71]. The difference between the two
cases is small and we adopt here a flat-spacetime approximation
for simplicity.
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generated is best described by the Teukolsky formalism
for gravitational perturbations [72].
1. General two modes case: (l,m) and (l′,m′)
The gravitational radiation is described by the
Newman-Penrose scalar ψ4, which, in the flat spacetime
approximation, can be decomposed as
ψ4 (r, t, θ, φ) =
∞∑
j=0
j∑
k=−j
∫ +∞
−∞
dω
Rjkω(r)
r4
−2Yjk (θ, φ) e−iωt ,
(A1)
where the radial function Rjkω(r) satisfies the inhomo-
geneous Teukolsky equation,
r2R′′jkω − 2(r −M)R′jkω+ (A2)[
ω2r2 − 4iω(r − 3M)− (j + 1)(j + 2)]Rjkω = −Tjkω .
The source term Tjkω is given by [73]
Tjkω
2pi
=2 [(j − 1) j (j + 1) (j + 2)]1/2 r4 0T
+ 2 [2 (j − 1) (j + 2)]1/2 r2L (r3 −1T )
+ rL [r4 L (r −2T )] , (A3)
where we have defined L ≡ ∂r + iω and
ST ≡ 1
2pi
∫
dΩ dtΘS S Y¯jk e
iωt, (A4)
where ΘS = Tnn, Tnm¯, Tm¯m¯ for S = 0, −1, −2, respec-
tively.
The source term Tjkω is related to the scalar field
stress-energy tensor Tµν through the tetrad projections
Tnn = Tµν n
µnν , (A5)
Tnm¯ ≡ Tµν nµm¯ν , (A6)
Tm¯m¯ ≡ Tµν m¯µm¯ν , (A7)
where
nµ ≡ 1
2
(1,−1, 0, 0) , (A8)
m¯µ ≡ 1√
2r
(
0, 0, 1,− i
sinϑ
)
. (A9)
For a scalar configuration with two modes with (l,m)
and (l′,m′), the contributions to the source term are
given by a sum over several active modes (j, k), defined
by the non vanishing contributions of the integrals (A4)
that are strictly dependent on the values of (l,m) and
(l′,m′). The contributions will feature two frequencies
ω = ±2ωR, due to the fact that Tjkω, computed through
Eq. (A3), contains only terms ∝ δ (ω ± 2ωR).
Once the source term is known, the radial equa-
tion (A2) can be solved using the Green’s function. The
latter can be found by considering two linearly indepen-
dent solutions of the homogeneous equation associated
with Eq. (A2), with the following asymptotic behav-
ior [74],
RH →
{
r4 e−ikr r → 0,
r3Bout e
iωr + r−1Bin e−iωr r →∞,
(A10)
R∞ →
{
Aout e
ikr + r4Ain e
−ikr r → 0,
r3 eiωr r →∞,
(A11)
where k = ω −mΩH , {A,B}in,out are constants. Owing
to the flat spacetime approximation, the tortoise coordi-
nate usually defined to deal with these kind of problems
coincides with the standard radial coordinate.
Imposing ingoing boundary conditions at the horizon
and outgoing boundary conditions at infinity, one finds
that the solution of Eq. (A2) is given by [74]
Rjkω(r) =
R∞
W
∫ r
0
dr′
RH Tjkω
r4
+
RH
W
∫ ∞
r
dr′
R∞ Tjkω
r4
,
(A12)
where W =
(
R∞∂rRH −RH∂rR∞
)
/r = 2iωBin is the
Wronskian, which is a constant by virtue of the homoge-
neous Teukolsky equation. From the asymptotic solution
of Eq. (A2) we find
Bin = − C1
8ω2
(j − 1) j (j + 1) (j + 2) ei(j+1)pi2 , (A13)
where C1 is an arbitrary constant that we set to unity
without loss of generality. The solution RH can be found
through
RH = r2L (LrψH) , (A14)
where ψH is the Regge-Wheeler function that at small
frequencies reads
ψH ∼ ωrjj (ωr) , (A15)
where jj are the spherical Bessel functions of the first
kind. At radial infinity the solutions reads
Rjkω (r →∞)→ R
∞
W
∫ r
0
dr′
RH Tjkω
r4
≡ Z˜∞jkω r3 eiωr.
(A16)
Since the frequency spectrum of the source Tjkω is dis-
crete with frequencies ω = ±2ωR, Z˜∞jkω can be written
as
Z˜∞jkω =
2∑
q=1
Z∞jkq δ (ω − ωq) , (A17)
where ω1 = 2ωR and ω2 = −2ωR. Replacing the above
equation in Eq. (A1), we obtain ψ4 at radial infinity,
ψ4 =
1
r
∞∑
j=0
j∑
k=−j
2∑
q=1
Z∞jkq −2Yjk (θ, φ) e
iωq(r−t) , (A18)
17
which can be written as
ψ4 =
1
2
(
h¨+ − ih¨×
)
, (A19)
where h+ and h× are the two independent GW polariza-
tions. Then, using Eq. (A18) in the previous relation and
integrating twice with respect to the time, we obtain the
gravitational waveform,
h+ − ih× = 2
r
∞∑
j=0
j∑
k=−j
2∑
q=1
Z∞jkq
ω2q
−2Yjk (θ, φ) eiωq(r−t) .
(A20)
The energy flux carried by these waves at infinity is
given by [4]
d2E
dt dΩ
= lim
r→∞
2∑
q=1
r2
4piω2q
|ψ4|2 ≡ lim
r→∞
r2
16pi
(
h˙2+ + h˙
2
×
)
.
(A21)
Finally, combining the last two equations, we get the
energy and angular momentum fluxes at radial infin-
ity [75]
dE
dt
≡ E˙GW =
∞∑
j=0
j∑
k=−j
2∑
q=1
1
4piω2q
∣∣Z∞jkq∣∣2 , (A22)
dJ
dt
≡ J˙GW =
∞∑
j=0
j∑
k=−j
2∑
q=1
k
4piω3q
∣∣Z∞jkq∣∣2 . (A23)
2. Particular cases
We shall now apply the above results to the three mod-
els presented in the main text.
a. Model I . For the scalar configuration (11) the
contributions to the source term are given by (j = 2, k =
±2) with two frequencies ω = ±2ωR, since Tjkω contains
only terms ∝ δ (ω ± 2ωR). Then, the right-hand sides of
Eqs. (A22) and (A23) take the form
∞∑
j=0
j∑
k=−j
2∑
q=1
∣∣∣Z∞jkq∣∣∣2
4piω2q
=
2∑
q=1
∣∣Z∞22q∣∣2 + ∣∣Z∞2−2q∣∣2
4piω2q
, (A24)
∞∑
j=0
j∑
k=−j
2∑
q=1
∣∣∣Z∞jkq∣∣∣2
4piω2q
=
2∑
q=1
∣∣Z∞22q∣∣2 − ∣∣Z∞2−2q∣∣2
2piω3q
. (A25)
In this particular case, using Eq. (11) and considering
the small Mµ-limit, we obtain
E˙GW =
32pi2
5
(
A411 +A
4
1−1
)
(Mµ)
6
,
J˙GW =
1
ωR
32pi2
5
(
A411 −A41−1
)
(Mµ)
6
.
Finally, using Eq. (15) we get Eqs. (19) and (20).
b. Model II . For the scalar configuration (12) in
Eq. (A3), we have different contributions relative to
(j = 2, k = ±2), (j = 3, k = ±3) and (j = 4, k =
±4). Furthermore, the contributions with k > 0 are
∝ δ (ω − 2ωR), while those with k < 0 are ∝ δ (ω + 2ωR).
In this case the right-hand sides of Eqs. (A22) and (A23)
become
∞∑
j=0
j∑
k=−j
2∑
q=1
1
4piω2q
∣∣Z∞jkq∣∣2 =
4∑
j=2
1
4piω21
∣∣Z∞jj1∣∣2 + 14piω22 ∣∣Z∞j−j2∣∣2 , (A26)
∞∑
j=0
j∑
k=−j
2∑
q=1
1
4piω2q
∣∣Z∞jkq∣∣2 =
4∑
j=2
j
4piω31
∣∣Z∞jj1∣∣2 + (−j)4piω32 ∣∣Z∞j−j2∣∣2 . (A27)
Using Eqs. (12), (A26) and (A27) for Mµ 1, we get
E˙GW =
32
5
A411pi
2 (Mµ)
6
+
16384
1701
A211A
2
22pi
2 (Mµ)
8
+
2097152
413343
A422 (Mµ)
10
, (A28)
J˙GW =
32
5ωR
A411pi
2 (Mµ)
6
+
8192
567ωR
A211A
2
22pi
2 (Mµ)
8
+
4194304
413343ωR
A422 (Mµ)
10
.
Finally, using Eq. (16), the above equations reduce to
E˙GW = CE
(
MS
M
)2
(Mµ)
14
, (A29)
J˙GW = CJ
(
MS
M
)2
(Mµ)
14
, (A30)
with
CE =
413343 + 2560λ22 (Mµ)
2
(
243 + 128λ22 (Mµ)
2
)
66134880 (1 + 81λ22)
2 ,
CJ =
413343 + 1280λ22 (Mµ)
2
(
243 + 512λ22 (Mµ)
2
)
66134880ωR (1 + 81λ22)
2 .
The contributions ∝ λ2 in the numerator are sublead-
ing when Mµ  1. This implies that, in the considered
limit, E˙GW , J˙GW ∝ (MS/M)2(Mµ)14. In this limit, the
GW energy and angular momentum fluxes are given by
Eqs. (21) and (22).
c. Model III . The stress-energy tensor correspond-
ing to the scalar configuration (12) in Eq. (A3) yields
contributions corresponding to (j = 2, k = ±2), (j =
3, k = ±3) and (j = 4, k = ±4). Again, the ones with
k > 0 are ∝ δ (ω − 2ωR), while for k < 0 they are
∝ δ (ω + 2ωR). The analysis is the same as for Model II
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above; the right-hand sides of Eqs. (A22) and (A23) are
given by Eqs. (A26) and (A27).
Finally, considering Eqs. (13), (A26) and (A27) for
Mµ 1, we get:
E˙GW =
32
5
A411pi
2 (Mµ)
6
+
8192
5103
A211A
2
21pi
2 (Mµ)
8
+
524288
2893401
A421 (Mµ)
10
,
(A31)
J˙GW =
32
5ωR
A411pi
2 (Mµ)
6
+
4096
1701ωR
A211A
2
21pi
2 (Mµ)
8
+
1048576
2893401ωR
A421 (Mµ)
10
,
Using Eq. (17), the equations above can be written as
E˙GW = CE
(
MS
M
)2
(Mµ)
14
, (A32)
J˙GW = CJ
(
MS
M
)2
(Mµ)
14
, (A33)
with
CE =
2893401 + 1280λ23 (Mµ)
2
(
567 + 64λ23 (Mµ)
2
)
28934010 (4 + 81λ23)
2 ,
CJ =
2893401 + 640λ23 (Mµ)
2
(
1701 + 256λ23 (Mµ)
2
)
28934010ωR (4 + 81λ23)
2 .
Once again, the contributions ∝ λ3 in the numerator
are subleading when Mµ  1 and can be neglected, fi-
nally obtaining Eqs. (23) and (24).
Appendix B: Scalar energy and angular momentum
fluxes at the horizon
In this section we compute the adiabatic time varia-
tion of the mass MS and angular momentum LS of the
condensate due to the superradiant instability.
In the Newtonian approximation, the condensate mass
is given by Eq. (14), whereas the z-component of the
angular momentum of the condensate reads
LS =
∫
dr dθ dφ r2 sin θ
(
xT 0y − yT 0x), (B1)
where the quantity xT 0y − yT 0x has to be expressed in
spherical coordinates.
In order to include an adiabatic time dependence, we
make the substitution Alm → Almet/τlm in the expres-
sion (10) of the mode Ψ. Clearly, τlm > 0 in the super-
radiant phase, whereas τlm < 0 otherwise.
1. Model I: l = 1 and m = ±1
We start analyzing the case of a scalar cloud described
by Eq. (11). Including the time dependence, the expres-
sion of the scalar cloud reads
Ψ = A11 e
ω11t g1(r) cos (φ− ωRt) sin θ+
A1−1 eω1−1t g1(r) cos (φ+ ωRt) sin θ, (B2)
where we recall that ωlm ≡ ωI with a given value of (l,
m). Using Eq. (14), we obtain
MS(t) =
32piM
(Mµ)
4
(
A211 e
2ω11t +A21−1 e
2ω1−1t
)
. (B3)
Note that ωI  ωR in the small-Mµ limit; an important
consequence of the latter is the absence of terms propor-
tional to A11A1−1 in the above formula. Using Eq. (15)
we get
MS(t) =
MS(0)
1 + λ21
(
e2ω11t + λ21e
2ω1−1t
)
, (B4)
where MS(0) is the value of MS at t = 0. Then, from
Eq. (25) we obtain
E˙S = MS(0)
2
1 + λ21
(
ω11 e
2ω11t + ω1−1 λ21e
2ω1−1t
)
,
(B5)
which can be expressed as a function of MS(t), λ1 and
ωlm by isolating MS(0) in Eq. (B4) and replacing it in
the last expression:
E˙S = 2MS(t)
(
ω11 e
2ω11t + λ21 ω1−1 e
2ω1−1t
e2ω11t + λ21e
2ω1−1t
)
. (B6)
Likewise, using Eq. (B1) for the configuration Eq. (B2),
we obtain the angular momentum of the condensate,
LS =
32pi
M3µ5
(
A211 e
2ω11t −A21−1 e2ω1−1t
)
, (B7)
or, equivalently,
J˙S = 2
MS(t)
µ
(
ω11 e
2ω11t − λ21 ω1−1 e2ω1−1t
e2ω11t + λ21e
2ω1−1t
)
. (B8)
Note that by using Eqs. (B7) and (B4) the initial angular
momentum of the cloud, LS0 ≡ LS(0), is fixed in terms
of the the initial mass MS0 ≡ MS(0), the initial relative
amplitude of the modes, λ10, the initial BH parameters
M0 and χ0, and the gravitational coupling M0µ.
In the quasi-adiabatic approximation there should not
be any explicit time dependence because all the quanti-
ties of interest implicitly vary over the time evolution of
the system. To remove the explicit time dependence in
Eqs. (B6) and (B8), we can consider an average over a
time 2pi/ωR ∼ 2pi/µ, which is the characteristic orbital
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time period of the scalar condensate,〈
E˙S
〉
= 2MS
∫ 2pi/µ
0
dt
ω11 e
2ω11t + λ21 ω1−1 e
2ω1−1t
e2ω11t + λ21e
2ω1−1t
,
(B9)〈
J˙S
〉
= 2
MS
µ
∫ 2pi/µ
0
dt
ω11 e
2ω11t − λ21 ω1−1 e2ω1−1t
e2ω11t + λ21e
2ω1−1t
,
(B10)
where MS , ω11 are ω1−1 are treated as constants. Per-
forming the integrals we obtain〈
E˙S
〉
=
MS µ
2pi
[
ln
(
e
4piω11
µ + λ21 e
4piω1−1
µ
)
− ln (1 + λ21)] ,
〈
J˙S
〉
=
(ω11 + ω1−1)
〈
E˙S
〉
µ (ω11 − ω1−1) −
4MSω11ω1−1
µ (ω11 − ω1−1) .
Finally, by expanding the above relations in the Mµ 1
limit, we obtain Eqs. (27)–(28). Note that the final result
would be the same if the averages were performed over
several orbital periods.
2. Model II: l = m = 2 and l = m = 1
We now consider the case of a scalar cloud described
by Eq. (12). After including the time dependence, the
expression of the scalar condensate reads
Ψ = A11 e
ω11t g1(r) cos (φ− ωRt) sin θ+
A22 e
ω22t g2(r) cos (2φ− ωRt) sin2 θ . (B11)
Using Eq. (B1) for this configuration, we get
LS =
32pi
M3µ5
(
A211 e
2ω11t + 162A222 e
2ω1−1t
)
, (B12)
and the same computation described above for Model I
yields
E˙S = 2MS(t)
(
ω11 e
2ω11t + 81λ22 ω22 e
2ω22t
e2ω11t + 81λ22e
2ω22t
)
,
J˙S = 2
MS(t)
µ
(
ω11 e
2ω11t + 162λ22 ω22 e
2ω22t
e2ω11t + 81λ22e
2ω22t
)
.
In this case, the time average gives
〈
E˙S
〉
=
MS µ
2pi
[
ln
(
e
4piω11
µ + 81λ22 e
4piω22
µ
)
− ln (1 + 81λ22)] , (B13)
〈
J˙S
〉
= MS
{
4piω11ω22 + (ω11 − 2ω22)µ
[
ln
(
e
4piω11
µ + 81λ22 e
4piω22
µ
)
− ln (1 + 81λ22)]}
2piµ (ω11 − ω22) . (B14)
Finally, by expanding the above relations in the Mµ 1
limit, we obtain Eqs. (29)–(30).
3. Model III: l = 1, 2 with m = 1
At last let us consider the case of a scalar cloud de-
scribed by Eq. (13). In this case the scalar condensate
reads
Ψ = A11 e
ω11t g1(r) cos (φ− ωRt) sin θ+
A21 e
ω21t g2(r) cos (φ− ωRt) cos θ sin θ , (B15)
and we obtain
E˙S = 2MS(t)
(
4ω11 e
2ω11t + 81λ32 ω21 e
2ω21t
4 e2ω11t + 81λ23e
2ω21t
)
.(B16)
J˙S =
1
µ
E˙S . (B17)
The last relation is expected because both modes have
m = 1. In this case it is sufficient to average Eq. (B16),〈
E˙S
〉
=
MS µ
2pi
[
ln
(
4 e
4piω11
µ + 81λ23 e
4piω21
µ
)
− ln (4 + 81λ23)]〈
J˙S
〉
=
1
µ
〈
E˙S
〉
.
Again, by expanding the above relations in the Mµ 1
limit, we finally obtain Eqs. (31)–(32).
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